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PREFACE

This report describes work done by Dr B. D. Sivazlian and Dr J, F,
Mahoney, Department of Industrial and Systems Engineering, the University of
Florida, Gainesville, Florida 32611 under Contract No. F08635-83-C-0202
sponsored by the Air Force Armament Laboratory (AFATL). The program manager
was Mr Daniel A. McInnis (DLYW),

The work was initiated under a 1982 USAF-SCEEF Summer Faculty Research
Program sponsored by the Air Force Office of Scientific Research conducted by
the Southeastern Center for Electrical Engineering Education (SCEEE) under
Contract No. F49620-82-C-0035.

This work addresses itself to the problem of computing the uncertainty
associated with the probability of kil Pyh due to blast in the presence of
aiming error and in the absence of fragmentation. Let P, be the probability
of kill due to blast alone. The assumption is made that (1) P, is unity
between the center of the blast and a distance A from the center, (2) Py is
negligible beyond a certain distance B from the center (B > A), (3) Py
decreases linearly between A and B, (4) the aiming errors in the direction of
range and deflection are unbiased, independent of each other having a Haussian
distribution with respective standard deviations o and oy. It is shown that
Pyp can be expressed mathematically by integrals involving the modified Bessel
function of the first kind IO(-). Moreover, under the assumption that the
input parameters A, B, o and Oy are not known with certainty, but are
characterized by their first two moments, explicit approximate expressions are

obtained for E[Pkb] and Var[Pkb].
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The author has benefited from helpful discussions with several people.
Particular thanks are due to Mr Jerry P. Bass, Mr Daniel A. Mclnnis and Mr
Charles A. Reynolds, all from DLYW, who have read the report and have
contributed to it through helpful comments,

The report is the fourth of a series dealing with the uncertainty
associated with various weapon effectiveness indices and details methodologies
and techniques used in computing such uncertainties in the presence of error
in the 'nput parameters.

The Public Affairs Office has reviewed this report, and it is releasable
to the National Technical Information Service (NTIS), where it will be
availahla to the general public, including foreign nationals.

This technical report has been reviewed and is approved for publication.

FOR THE COMMANDER

Yrydta. ©

MILTON D. KINGCAID, Co el, USAF
Chief, Analysis and Str¥tegic Defense Division
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SECTION I

INTRODUCTION

This report considers the problem of estimating the probability of kill
due to blast, Pps in the presence of aiming error. Prior to solving the
estimation problem, it is necessary to compute a mathematical expression for
Peb in order to apply the usual statistical techniques to arrive at confidence
intervals for Pepe I Section II, the derivation of Pkb is carried out based
on several explicitly stated assumptions. In Section IIl, the estimation
problem for the case when range aiming error equals deflection airing er-or is
solved. In Section IV, the general estimation problem is accomplished wren
these two aiming errors are unequal. Finally, Section V provides some
conclusive remarks.

No particular problem is encountered in Section III when the two aiming
errors are equal. It will be seen that P . is expressible in terms of the
error function. The estimates E[P,,]1 and Var[P ] can be obtained in closed
form, and again will involve the error function. However, it will be seen
that the most general expression for P ., when o $ oy’ involves integrals of
the mndified Ressel function of zero order In('\. Although this resuylt s
interesting in itself, nevertheless, it becomes difficult to overcor:2 <7
mathematical intricacies introduced by the presence of this function. To
arrive at closed form expressions for the mean and variance of Py, in the
general case, it will he necessary to use approximation techniques which

result in rather lengthy expressions for the estimators.
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SECTION I

a0

MATHEMATICAL MODEL FOR P,

1. Background

In this section, a mathematical model for the probability of kill due to

blast, Pkhs in the presence of aiming error is developed, The basic situation
that one is facing consists of the following.

A weapon whose main effect is kill due to blast is delivered from air tn
a target point lIncated on the ground surface. The target's position is
stationary. The weapon may not hit directly the target due to the presence of

aiming errors, These errors are assumed to be unbiased; that is, centered at

the location of the target, The target may or may not be killed hy the effect
E of blast depending on whether the weapon impacts close to or away from the
;i target. The probability of kill due to blast is related to the distance
ii hetween weapon and target by a well-defined mathematical function. In
ii addition, the aiming error is not known precisely but is expressed by a

probability density function which provides a mathematical formula for
computing the probability that the weapon will impact in an interval du dv

claga teo 3 aniat (y,v) on the qround surface.

The technique that will be used to compute the expression for the
probability of kill due to blast, Py, in the presence of aiming error is .
hased on the laws of conditional probability. Ultimately, Prp s not going to RS

depend n the position of the target if the aiming error is unbiased, and if

weapon delivery can theoretically result in a point of impact which can be
- anywher. on the ground surface. 0n the other hand, P, will depend on:

A. The parameters specifying the functional form relating prnbability of

L kill to distance.
r

b. The statistical parameters of the aiming error distribution. L};1

2




2. Assumptions

’ The following assumptions pertaining to this situation will be made:
a. Both the target and the weapon are idealized as points, and the
weapon is aimed at the target.
i b. The direction of the weapon delivery range and deflection are,
respectively, parallel to the x and y coordinate axes on the ground plane,
Since the coordinate system can be arbitrarily selected, there is no loss in
y generality in making this specific assumption., The position of the target has
coordinates (x,y).
c. The aiming error (distance) in each of the x and y directions are

independently and normally distributed with respective means x and y and

B
standard deviation o, and °y‘ Let (du dv) be the infinitesimal rectangle,
close to the point (u,v) at which the weapon impacts, and define the random
. variables U and V which measure, respectively, the distances between the
o target point and the weapon impact point along the ahscissa and the
ordinate. Then, the probability that the weapon will impact in the rectangle
> {du dv) is:
y I )? ]
u-x .
fU,V (u-x,v-y) du dv = 5 exp| - 5 ] X ]
X'y 20 .
X J
(=y)?
exp[- *—5"—] du dv . (1)
» ) 20" R
a1
4. The probability of kill due to blast at a point (x,y) given that the RIS
f‘ weapon impacts at (u,v) depends only on the distance r between (x,y) and (u,v)

ar R

ro= / (x-U)? + (Y-V)?

and is given by

P e PP EPULEP L. P S\ PRI S PR ael
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. 1 0 <r <A

- B-r 2)
E P (1) R A<r<B. (
" 0 B<r <o
. Thus, if the target is located at a distance less than A from the center of

the blast, the probability of kill is unity. |If the target is located at a
distance exceeding B, (R‘> A), the damage to the target is negligible and the
probabiltity of kill is zery, Retween A and B, the probabhility of kill is a
linear function of the distance. If the delivery of the weapon results in a
direct hit on the target (r=0), the probability of kill is unity,

e. Fragmentation effect is neglected. This implies that the target is
not fragment sensitive, 0Or, if weapon fragmentation exists, its effect on the
target is negligible, hence, not resulting in a kill,

f. 1In general, the point in space from which weapon is delivered is
nonstatinnary, the weapon is subject to ballistic errors, etc. It shall be
assune? that all these factors combine into a single source of error which is
i~coy-~prrated in the aiming error,

Jd. The blast does not contribute to the aiming error.

3. Exipression for o

- kb
The probability of kill due to hlast is 4
Pow = [ [ [Probability of kill at (x,y) | weapon impacts at (u,v}1 X

forohability that the weapon impacts hetween (u,v) and

{u+du, v+dv)]

~~ .
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In the (x,y) plane, translate the

with {x,y), which is the location

2
1 exp{_!l)";) ] X

Xy ?ox

?
exp| - 1!;1%—] du dv . (3)
o’

axis in such a way that the origin coincides

of the target. Then letting

aba,

A

P

'
Abde b

X = u=Xx and Y = vey
one obtains ]
E
R N 4 N 2 gy (4) 5
ko =1 k ( I exp[- ( 2t p)] . : - 4
-® oo X'y 20 20
X Y

Changing now to polar coordinates, let X=rcos & and Y=rsin 3. Tnis yieslds
o = r2c0526 r2sin20 )
o = T P) 5o expl~( 5+ 5] rodrodo . (5) 1
" 0 Xy 20 20 :
X y i
Substituting for the value of Pk(r) as given in (2), one obtains :
n e
:
27 A ? ? ? .
Py T > L J ,oexp -y €us 5 f ST '}J rodr s "ﬂ
" 9% o o 207 20° '

1 e ® B-r rzcosze r251n26
: teo o) ] (g exel-( 5+ 5—)] rdrde . (6) <
xy 0 A 20 20 o
X y §
Not1ce here that one is dealing with integrals of the form f
on ) L2
K(r = | exp._(L.&Q%Ji AL T (7)
0 ZUX 20"
In Appendix A it is shown that S,
5
e e L e L D e L e >




0
where a = %-(l?.+ l?ﬂ

o g

X y

.11 1
i

o o

y X

and 1,°¢) is a modified Bessel functinn of zero order. Expression (6)

hoenrag

1 - 2
Peh = 5 J roe ar Io(br } dr
xy O
B 2
1 B-r -ar 2
I L e A SO
x v A

(R

for P

h

1)
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SECTION II1
ESTIMATION OF E[Pkb] AND Var(P, ] WHEN o = oy =

1. Background

In this section, the estimation problem for Pkb will be investigated for
the particular case when the range aiwing error o is equal to the deflection
aiming error o (0x =0y, = o). This case is of practical significance in
guided weapons for which the aiming error in all directions is about the

same, Moreover, the problen itself allows one to obtain closed form

expressions for the estimates E[Pkb] and Var[Pkb] involving the error function

N
]
~N| €

o(z) = — [ e dw. (12)
/Y 7n 0

Now, since IO(O) = 1, it follows from (11) that

2 2
I .
A - ? R - ?
1 20" 1 B-r 20"
pkb:7f re dr‘+—2-f (m)re dre .
o 0 0 A

This expression can be reduced into three integrals as follows:

2 2
r r
) B T2
Peb = lﬁ'f e X rdr+ §%K . 15 [ e 207 o gr
o 0 o A
2
T
U IB ? e ;;? dr
R-A O2 A
2 ? 2
I - .
A ) B T2 R ?
o B : 20 1 - %
:f - die ) + 57— | ~die ) teh T d, e )
0 R-A A B-A A

Noting that the two first integrands are exact differentials and integrating

by parts the last integral, one obtains

..........

-t
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: B
A xR R
"7 ~T2 T2 o
N B 20 B 20" 20 S
I A i
2 2 j
r r
- B B - 4
1 20 20
v L(re [ e ar] ;
B-A A A :
? 2 ? -
A _ A .8 .
L. P B 20 B 7
3 i B-A B-A
! 2
, 8 A o o
R DN X S N A .
} R-A T B-A T B-A A ‘ * E
[
which upan simplification results in

2
__r
- L P, (13)
pkb =1 —m[ e dr.
A
Let x = r/g, then a—
B 2
3 - X
- s g 2
pkb - 1 - mfA e dX
5 -

which mav be written as

kb~ (B-A — —_—

. -/—-"—g-p & - (D). (18) -

[t will he dmplicitly assumed that the parameters A, B, and o are not known

exactly, but are subjected to estimation error. Further, A, B, and o will be

8




assumed to be mutually independent and defined by their respective means
A, B, o and their respective variances Var[A], var{B], and Var{c].
Recalling that Peb in (14) is a function of the three parameters A, B,

and ¢, one may write (14) as

Pep(AsBra) = 1 - "Z-A‘)’ (o8 - odyy . (15)

let A, B and ¢ refer, respectively, to the mean of A, B and o, Expanding Py

about the point (A,8,0) one obtains up to the first order terms

N a o = Py
pkb(A’B’c) = Pkb(A,B,U) + (A-A) —aA—— —_—— —
A,B,a
— 9P 3p
+ (B-B) “a‘g‘t}‘——— + (0-0) Bsb —_—, 16
A,B,0 A,B,o

2 Estimation of E[Pkb]

Taking expectations on hoth sides of (16) yields as a first approximation

Er A,B,0) nn

P (AB,0)0 = P

b(

or using (15)

fp,l =1 -2 20 & e By (18)
{R-A) o g
Let
0(AB) = LA (el - el (19)
Then
F_[Pkb] =1 - c: U (;,E,;) . (20)
9

T Y

......



E 3. Fstimation of Var[Pkb]
First, expression (16) is written as
- v -—- ~ Py
:' pkb(A’R"’) - pkb(A,B,U) = (A'A) —QT—— -
A,B,o
d — apP — ap
b kb kb
[ + (B-B) —z=|——~—+ (0-0) -———. (21)
- B (aR,0 3 a0

[t was assumoed that each of the random variables A, B, and o is mutually

independent., Thus, squaring and taking the variance on both sides of (21)

results in:
ath 2 al)kh 2
varfe, V= () _ _ VarlA) + (g-)_ _ _ var(®]
: AL,B,o A B0
b ¢
(o) _ _ varla] . (22)
] ’0

-

"n 07ta‘~ the partial derivatives, form (13) of P, will be used rather than

form (14)Y, First compute aPkb/BA:

10

..........
--------

r_2 A2
ap B "2 -2
?h:_ 1?[920 dr+5}—,\e 20
o (B-A)“ A ' 5
B2 A2 &
g - =5 g - =5 2
=-°—-—'/——2-"—[ 1[ e Zdx - 1[ e 2dx]+—~—1e 20
2 L — — B-A
(B=A)" v 2« O Ym0
A
Y
gV 2n B A 1 2a°
- - B_A)%'l° (2) - ()] +x e
tIsing the definition (19) yields finally
A?.
30 -2
kb _ g 1 20
SA - " ®A U(A,B,0) + B-A e . (23)

-y




----------------------------

) ) e
- r - R ) -.
Pw . 1 P2t 1 2 oS
w5 -7/ e T dr-gxe
(B-A) A ? L
R_ X2 'A_ x2 - 3 -j
9T f"e'"zdx__l_"e‘*zdxj_lp_z?
. R-A) VT 0 /7w 0 B-R ]
-]
lsing (19), this expression may be written as R
2 "]
apkb _ a '/7.7 R A 1 —507' /24) -
=R C 7 elg) - °tgdj SRR ® . ! R
(R-A)
y
Finally, 3Pkb/%c is computed. Using (13) yields ?‘“4
- SN
RECI S L P B T
ao--g—_—A—A—z—(")o e r
. fR -+ (<) e- 2’ dr ibii
O T
apkb - - 1 J'B rd [ 20 ) m
do (R<KT o A € * .
Integrating by part results in (see Section I1I1-1): :
) R2 ) AZ ) r'2
. apkb - 1 [ 20 A 2_02- B 2_02- J -
ac _ TB- cRe -ne -J e dr -
2 2 A '~
. A _ B B
1 20% n o 207 -
KT S [A e -Re J o
B 2 A2 =
— T - X 5 .= .
Y2 L.l_f e 2 dx =~ — | e K dx
TRAY :
YZw 0 /2 0 -

Using the definition (19) gives




—— P
[ACRFURR

2 2
A B
ap 2 S o7 5=
kb 1 20 20 7R Ay
T =TR_-A O[Ae - Be ]4’—8__5[@\0)'00;‘ . (?5)
Substituting (23}, (24), and (25) in (22) yields
12
T 1 -7_:2_?
Var[P,, 1 = [~ == U(A,B,0) + == e “° ] var[A]
-A R-A
ﬁ?
_ L 2
s (L u(RE,) - 2—e % 1% varlR)
R-A R-A
— -7
x g
= ) o
b —(Re T e 4 T 3,57 varlzl. (26)
(R-K) ©
4. Fxanple
A prided weapon whose main effect is blast is aimed at the center N of a

target. Recause of error, the weapon will not necessarily impact at 0. This
error, measared as the distance bhetween the center N of the target and the
center ¢f impact, is unhiased with mean located at 0 and standard deviation of
o such that E[u] = 15 ft and Varfo] = Z% ftz. If the weapon impacts at a
point whicn is at a distance less than A ft from 0, the target is killed with
probability one, On the other hand, if the weapon impacts at a point distant
Boft o fron ) {8 ¢ 3 the target is undamaged, The pararators A 30t R oaca
estimates and are equally likely to be in the respective intervals 13 < A < 17

ft and 20 < B < 22 ft. It is required to provide a two-standard deviation

confidenca interval for the probability of kill due to hlast Pyt

The nhjective is to calculate E[Pkb] and Var[thW. It is easy to verify that

?
varl A] =‘LLZ%%3L— -4 ft?

A= £[AT - 15 ft : &
?

B = E[8] = 21 ft ;o vare) = L2220 Lge?

g = Efo] = 15 ft ; var(o] = Z% ft”,

12
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First compute U(A,RB,0) using (19)

- .

UEED = ey o) - o(72)]

LA17,771 (.419,243 - ,341,345)
= ,032,543.
Using (20) it follows that

E[P =1 - o U(A,R,0)

kb]

1 - (15) (.032,543)

.5119.
To compute Var[P, ], each of the variance components in (26) is computed

separately, First the component incorporating Var[A];

_umy
i 1(15J2
- (- TZ%‘?T‘SY (.032,583) + T?T'l-TST“" 72 (3

(- .081,358 + .101,088)° (%)

.0N0, 519,

Next, the variance component involving Var{R] is computed.

13




LEy
I’}

]2 Var(R]

L "'(“'12)

[
—
—~
L]
o
w
(a8
-
[Sal
o
w
~—
[}

(.081,358 - .062,552)° (3)

= .000,118.
Finally, the variance component involving Var[o] is computed. Thus,
] 1(E)2 1
1 4= 7(6) 2
] [—— (K e -Re ) + U(K,B,3)]¢ var[o]
- (R-A) o
_ L5’ renf
: 1(?r?}grrr57’115 e 210 o1 0 TTL 032 543)7 %)
= [ (9.007,060 - 7.881,533) + .032,543)% (%3]
= 017,678,
Fence ,
Var[th] = ,000,519 + ,000,118 + .017,678
= ,018,315
op =/ Var P ] = 1353
kh ‘
R
P.=FEP 1+20 -1
kh kbt = 7P =
- 5119 + ,2706. o
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SECTION Tv

: ESTIMATION OF ECPy ] AND VARCP, ] WHEN o # 5

1. Background

For general purpose hombs, range delivery error oy is usually greater
I » than deflection delivery error °y' From (11), the expression for the

probability of kill due to blast Pyb is given by

p . = fA rn'ar9 1 (hrg) dr
L kb oxoy 0 ’ 0
| + oioy j: (gf%) re'arz In(brz) dr (1
. where 14(+) is the modified Bessel function of the first kind of the zeroth
& order.
i The development of closed form expressions for E[Pkb1 anrd Var[Pkb] using
; the result (11) is hindered by the appearance of the integral term involving
;E the function IO(-). However, it is possible to obtain an approximate
EE expression for Py by using the expanded form of Io(x) and retaining the first
i three terms, The resulting expression is more readily amenable to numerical
Eb crputation than the original expression (11). Now

? 4
Io(x) =1 + iz + %E + eee

A ? 24 438

. -3 h™~ h :
thf 01 e ar (1 + qr +—6§—+ esey dr -4
xy 0 }!
.~<
R 2 24 43 s
1 R \ -af' ( b r _b__r_ a e e '.:.
Yoo (aogl [ e (1+ T e gt eee) ]
'y A ]
15 ;:fl

L
- e

) P Ty ™ - . . .
- - * : N b o * * * - . Y ‘e N ‘e % N - . - . - . - . - - -
e e L e e e T T o it oot ol




B 2 2 4 4 ]

1 1 2 -ar b r h'r
ooy R S e (L T T ] (27)

The result of the evaluation of the integrals in this expression is given in

Appendix 8. Thus, let

A ?
1 (A = ] re %" 4r
3]
1 A?
T 5y {1 - p™? ) (29"
4
Ip(A) = [ =2 e gr
: n
, > , 2.4
:——fa—(l_e-a/\ ’\1+aA( +é~5_)\ (ZQ)
a 2
A ?
J3(A) = [ rq e”d" 4r
I
: ? 2.4 3.6 4.3
. -aA a a’AT aA
_aL)[l-e {1+ aA Tt +—?.—-)] (30)
A 2
Jo(A) = f r? e gp ‘
- 2
= —'-.11_— ) _—A 'aA
52377 ®(AY 23) - 5 e (31)
’ 1
A 2
(A = [ Rt e g
Al
LA W I . -aA?, 2 a7 A 24, !
= L $ 23} - g e (1 +3ah + 15 @ AT {32
B a
.".‘
n
A 7
(M) = [ e gy R
0 1
.
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—_ ?
945 / n 945 A -aA" ? ?
= ¢ (AY 23) -——Fe (1 + 7 ahA
32 a11/12 2 a5 3
4 2.4 8 3,6 16 4,8 .
EECA G T (33)
Expression (27) can then be written as:
2 4
. 1 b b
Xy
1 B h?
I U T y b
+ a0 [B—A) HJI(Q) - JI(A)J + 4 ‘.‘J?(R) - J?_(A)}
b? 11
* 23 [J3(R\ - J3(A)}} - o, (ﬁfﬂj {[JA(B) - JA(A)]
b2 b
o7 (9508 = 9 ()] + =3 [J5(R) = J(R) ]} (34)

It will be assumed that the parameters A, B, 9 and oy are subject to

estimation error, Further A, B, o and uy will be assumed to he mutually

independent and characcerized by their respective means A, ﬁ,'gx, and ?& and
their respective variances Var[A], Vvar[B1, Varrcx], and Varroy].

Recalling tnat oy, 10 (11} is a function of the four parameters A, -,

s and ay, one may write (11) as

1 A r ?
pon(ABLo e ) s - fore™@™ 1 (brf) dr
kb y g oo 0

; xy 0

1 B Ber -ar 2 :
Co o, R e Tgthry )
x'y A
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Lot A, W,]Tx, and 5& refer, respectively, to the mean of A, B, 5 , an

3 9+ Txmnding Py, oabout the point (K,'§,‘3x, and Ey) one obtains up to the

first order terms

TE- = = °"kh
. P (AB,o 0 ) =P (AR,0 ,0 )+ (A-A) —>-
. kb X"y kb Xy A K,g‘ax '0“
LI ap
U I Y Ty gL [
AR, % 1A,R,0 7
x>y X'y

(36)

7. Fstimation of Klv
¢ (6] 0 . kb]

Taking expectations on both sides of (36) yields as a first approximation

Ffpkh(ﬂ,ﬂ,ox.oy)] = th(A.R,cx,oy) . (37)
-
, - _ 1.1 1 o
Let 4 =7 Q:E + :E) (38) :
a J A
x oy K
- 1,1 1
h = V’l— (3 - _——?-) . !39\ - oo
g o S
Yy X
Lo ahrates g an aparnvimatian 2y 1370
; . 1 _ BZ - _54 -
b ey, T [J1(A) + =7 J,(R) + 7 J4(A)] , )
X"y o
t 1 B : T 5
- Ll G SR LEVREDEESN PR ER R B N I IS AN G 3R
& 5 ¢ R-A '
k. Eﬁ N JL(A T S O U {(ry, - ). (A] -
: + 0 [JB(') T Jale Sl Gy B A |
: g0 R-A
X Xy
' i R A
+ —= rJS(B) - Jc)(A)-] + m r.)R(R) - ‘]6('}\)1' . (40) - 3
N
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3. Estimation of Var[th1

First expression (36) is written as ’

Pkb(A’R’ox’oy) - Pkb(K’E'GX’oy) _
- ap apP ’
= (AR) R e (BB 2
A,B,0_,o A B, _,0
Xy Xy
ap ap
* (Jx';x) Z)Okb e s,) aokb == - ')
x 18,80 ,0 vy AR, .0 )
Xy Xy

It was assumed that each of the random variables A, B, Oys and 9 are nutally

independent. Thus, squaring and taking the variance on hoth sides of /41°

results in
ath 2 apkb 2
var(P,,1 = [—5K—)_ ___ var[A] + ( 5 ) Var[B]
AB,0 ,0 AB,0 ,0 -
Xy X’y ;
?
[apkb ? {apkb)‘
+ ) _ _ _ Varfo 1 + { L varfo ] . 147)
30x AB,o ,0 X ch A B,0_,0 y
L Xy

The details of the calculation of the partial derivative terms appear in

"

Ao dix T Tne final -osults are

A -ar2 ?
3P 9,9, Pin [ re Io(br ) dr
: Py 0 .
A (B-A) CXJy :
B 1r2 2 §
4 - . - ; . 1
kaﬁ > re Iﬂ(br ) dr JXJY pkb \ :;
g 11
—.."m-- - (R-A) J J ’
Oy B
k 2 ~ar’ ? 2 4
5D jor e” ‘LIO(hr ) - Il(br )} dr R
kb _ A > 145) -1
90 -
2(R-A) Oy oy j
%
-
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kh A (4R

Here {1(~\ is the modified Bessel function of the first kind of the first

order. In series form one has

8

x2k+1

TR

0 k!(ke1) 12 KH]

LS

ooy use the same technique as for E{Pkb] to evaluate expression (43,
MY, 0 and 1A hy using IO(K) and Il(x) and retaining the first few
teras. However, we will show an alternate method which relies on the Chi-

Lrtare fagncsion for che nuymerical evaluation of VarFthT. et

Len s " e g (e ar (47)
g
| ?

‘v’n('i) - el Il(br?‘) dr faa)
i

Then (A7) through (46) may be written as

ap P, X, (A
] h \
‘.‘;’h' B .'Vf - '—.-l‘ra‘_‘«’*‘ faa
0 - X,y Al N
3P X (B p
kb 1( ) _ kb (50)

3D
[ 1
S e e TR S X (R) VLR - Y, (A (51)
“y 0. y (R-’\) I ;
oy
‘{‘Lh 1

S T Yy ooy ! -ox iy oA 1591
e vy CalA) MYy '?‘M LI ] ’
y T U -/

It is pnssible to express (47) and (48) in terms of

20




?
7 1 < 5-1 -3 2
p(X}V)='T/-2'——v‘-f t" e U dt D <x™ < {53)
2 F(E) 0

The function P(lev) refers to the chi-squared probability function and is
tabulated in several places (see e.g., [1]). The function is also available
as the PROBCHI function provided by the SAS computer program [3]. In Appendix

D, it is shown that

Y n - arz 2
= IO e [,(br%) dr
F(ﬂg‘l‘ 5 (4:)2 (n+1)(n+3) ,
=~ [P(2aU%]n+1) + > P(2al1%|n+5)
2a= (1)
b 4
(713) {(n+1) (n+3) (n+5) (n+7) ”
+ 5 P(2aU” |n+9)
(21)
b 6
(Ia“) (n+1)(n+3)(n+5) (n+7) (n+9) (n+11) ’
+ > P(2ali"[n+13) + ««o ] (54)
(31)
and
v '” n - 3;‘7 2
)= ,0 re Ilibr ) dr
(_bJ r(2d g
= _A_g__mTZ_ [(n+1) P(2aU21n+3) e
2a —— |
) 2
b ?
Lﬁ) {n+1) (n+3)(n+5) 5 o
+ 75 P(2al)" [n+7) ]
kz_tg_)zl {n+1) (n+3)(n+5) (n+7)(n+9) » ;:-':;j:i
+ =2 P(2aU" |n+11) + »«+] (55) R

72131




a4, Example

A general purpose homb whose main effect is blast is dropped from air and
aimed at the center 0 of a target. The range delivery error is 20 ft with a
standard deviation of 3 ft. The deflection delivery error is 17 ft with a
standard deviation of 2 ft. If the weapon impacts at a point which is at a .
distance less than A ft from 0, the target is killed with probability one.
fin the other hand, if the weapon impacts at a point distance R ft from 0
A < %), the target is undamaged. The parameters A and R are estimates and
aro equally likely to he in the respective intervals 13 < A < 17 ft and
20 < B < 2?2 ft, It is required to provide a two-standard deviation confidence
interval for the probability of kill due to blast Pihe

lLet 9 and cy be the respective range and deflection delivery errors.

Nne has

2
15 ft ;o varfa] = WM g2

A = F ] =
A= ETAL 2 3
?

B o= c[B] = 21 ft . Var[B] = 72;;” - % fr?

oY >
5. ° F{axl = 20 ft ; Var[;x] = 3 = 9 ft
5 =€l ]=17 ft : Var[o ] = 22 -4 e, )
y y y

Calculatior of E[th]

Ff“khW is calculated using (40), For convanience, the har will ne

dropped from the symhnls describing the input parameters,
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From (38) and (39), a and b are computed

1 1 1 1 1 1
AR SR D O N (S E A
4 2 ? 4 2 2
o 9 (20) (17)
= .001,490,051,9 :
1 1 1 1 1 1
S N S XS o=

(17)° (20)°

= .000,240,051,9 .

Next, each of the quantities J;(A) and J;(B), i=1,2,...,6 is computed using

expressions (27) through (32)

Computation of Jl(A) ;;fl
2 7
.1 - aA g
Jl(A) r (1 -e ) L

i 1 204 -
V0T aen sy |1 - exp[-(.001,490,051,9)(15)%]] .

= 95.583,609,72 o

Tanp a3t inn nf JQ(A)

2 2.4
: ] Y 2, a'A
, A= 3 R N an)
e L (0715,150,023) [+ .335,261,677,5 -

.'01,490 051 ,9)

DY ) L] ‘ N ) L]
xu-;ﬁl-LLL.LL1}
3 !

3 1 - (.715,150,923)(1.391,461,874) ]
R C RIS R

179,587 008 x 10° -

23




Computation of J?(A)

Jj(A)

Computation

17 [
<1 -
a2

12
(.0N1,490,051,9)

S [1 - (.715,150,923)(1 + .335,261,677,5

112,800,392,4 | .037,6R3,544,1  .012,633,347,7,
2 3 24 ]

NI 11 - (L715,150,023) (1,397, 2R7,R75) )
149,005,19)

1.365,363,756 x ]010.

3,00

Comput at ton af

of JA(A)
— ?
RS Y
,d,}'/7 3 (A v?ﬂ) 73 2]

73 el (15) v(2)(.001,490,051,9)]
(2)(,001,490,051,9)"

(15)(.715,150,023)

L0 S alr-es 7Y
AT AT A 06T

(V7)(.?793,57)
(2)(.n00,n57,517,%)

3,599.627,585

H23.661,527,7

JH(A) =

')S(A\
1o/ 15 A an’ ? a7 17,4
n e = - — —
-—;]—]—/“2— 3(A v//a) -—g—?e (1 + 36A + 156 A)




T P ——— ‘j\'.vm‘_\A..__.. T e o i S U=l ===ty

. (15) vn
(8)(.001,490,051,9)

777 (-818,854,904,7)

_ (15)(15)(.715,150,923)
(8)(.001,490,051,9)

(1 +-§ (.335,261,677,5)

2 (.335,261,677,5) %

15 A

: = 7.639,817,718 x 10" - (5.079,754,57)(1.253,481,223) x 10°

= 1.895,952,4 «x 107

P
; Computation nf J_(A) )

= . 2

4 2.4 8 3,6 . 16 4,8
: tig @A g At ggg a A
Y B _
-
- 945 /a 777 #(.818,854,904,7) L
(32)(.001,490,051,9) -
2
- - (945111511'715’150L92§) (1 +-§ (.335,261,677,5)
i‘ (32)(.001,490,051,9)
] ¢ 2 (.112,400,392,8) + =5 (.037,683,544,1) -
- 1; . e -9 . A ] -9 lﬂg - [ LY ’ .
16
+ a2 (.012,633,348,2) ]
. _ _(945)(1.772,453,851)
117, (+293,57)

(32)(.001,490,051,9)

N rrens
- (48)118) (715,150, 923) (1.25A,566,259)

(32Y0,001,490,051,9)

04.195,192,55 x 10'° - 54.193,750,53 x 101"

pe]
e
1t

1.442,016,6 x 10%2 |

25




et
"

Comput atinn of J](R)

2
3, () - a8

_1
5 (1 -e

1

= [27(.n01,490,051,9)

i

161.623,330,6 .

Computation of JO(R)

1, - aR
B b Ty
AN T f (1 +

7
(,001,490,051,9)

o 031,797,307

= R,9206,900,503 x 100

Compit et in of JB(R)

g = o=

‘001 ,490,051,9)°

, +431,797,347,8 |

.28,373,960,7

{1 - exp[-(.001,490,051,9)(21)?]}

2
an’ o+

1 - (.518,345,698,4)(1 + .657,112,RR7,9

2

15
_ljﬁihl_---.w- [1 -
(1.490,051,9)

In

1]

n6,296,17,28 x 1N

Covtpatat o of Ji(R)

186,448 949 .3
- >
6 * 24 )

{.518,345,598,4)(1,978,070,201)]

] ?
— _v/ﬂ o _‘& - GBV
JA(B) = 5377 (R V?a) - 72 ©
S 575 ¢ (1) /TP (.00T,490,051,9)
(?)(.001,490,051,9)

26
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_ (21)(.518,345,698,4)
(2)(.001,490,051,9)

- /n
(2)(.000,057,517,8)

$(1.146,396,867) - 3,652.644,47

= 5,765.317,71 - 3,A52.644,47

= 2,112.673,24 .

Computation of JS(B)

- ?

15 / — 15 8 - aB > 2 4 24
). (8) = BT 158 2 LN
)5.%) 5 777 (B v?a) 3 3¢ (1 + 3 aR” + 15 @ B
a a
- 15 4 577 *(1.146,396,867)
8(.001,490,051,9)

- _1% (21)(.513L345L6()8§4L 1 + % (.657,112,887,9)
(.001,490,051,9)

4
+ 7 (.431,797,347,4) ]

= 9.737,599,188 x 10° - 9.582,287,423 x 10°
- 15.531,176,54 x 10’ .

Computation of ‘JS( B)

32 a - 32,
| 428, 8 3.6, 16 4.8
tys @Bt qgs aR r g a B
= 945 Vn = $(1.146,39A 847
(32)(.001,490,0581,9) "
) i%% 2L} = (.518,345,699,4)
(.N01,490,051,9)
(1 + 2 (.657,112,887,9) + — (.431,797,347,4)
3o 15 1T 1

27
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3 16
+ e (.283,739.602) + g2 (.186.448,949.3)]

15

69.076.394.55 x 10°° - (43.763.661.05) (1017) (1.577.996.731)

1]

(69.076.394.55 - 69.058.894.38) x 101°

17

17.500,174.,5 x 10

1. the numerical values of 5 . 5 , h. J.(A) and
K% "y i

J:.(B) (i=1,...,6) are substituted in (40). To simplify the computation,
the three major terms of (40) are computed separately.
2 4

rerm 1= A1 (a) ¢ Bg,m 4 2p0sny)

,
(T (.000,240.051,9)
= [T7(7gy | 95-583.609,22 + 1240.091,9) ",

4
q N
(1.679.500,658) x 10% + LOOLZI00OLD 74 565 363 756) « 101

1 .
y (95.593.A00.22 + 021,314 ,A01 + .NNN N0 265 2]

- 281,19 .
term 2 = o By rrg By - g (R)] 4 b7 [3,(B) - J,(A)]
SRR S U S B A A
,\4
SRR NI RN NN
1, 21

) [(161.623,330,6 - 95.593,609,27)

(7Y (ony LTor%

28




4
+ (-000.280.051.9) * (96.589,017.28 - 4.365,863.756) x 10'°]

2
- %21 (2.400,519)%(7.326,359,845)

4
. (2.400,519) (92.230.153,5@)]
(64)(107)

= (41'7.).?;-(1)“;-(_76-)_ (66.N039,721,38 + .105,545,215,3 + .N0N.N4R 003, 1)

. (21)(66.145,314,59)
{177{20)1{6)
= ,68091 .
T -1 1 b2
I
4

{ 1 ( 1
(177(20) ‘71-15%

) [(2,112.673,24 - 923.661,527,2)

2
('OOOLZ4QL951LQ1 (15.531.176.54 - 1.895,952.4) x 10’

+

12,

4
+ (.000,240,051,9) ]

3 # (17.500,174,5 - 1.442,016,A3) x 10

?
' . 1 : (2.400,519) "(13.635,27,14)
' S 7YY gy 1189011713 + AT

(64)(10%)

. (300,510 (16.098,157,9)

v
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o (1.189.011,713 + 1.964,371,57 + .000,R33,175.7)

E!th] Term 1 + Term 2 - Term 3

= ,781,19 + .A80,91 - .5R83,81

.37R.29 .

Calcularion of Varr”yh1

To compute Var{P,,1, the following procedure is used:
a. Retaining only the first two terms of the series (54) and (55) one

finds from the tables (e.qg., [1]) using interpolation the following

i

p(rar?|?) = 0.284,843,021,8
p(2aA%13) = 0.119,900,605,6
P(2aA’]5) = 0.015,452,739.7
P(2aA%|6) = 0.004,893,986,9
p(2aA’|7) = 0.001,447,416,9
prp4a% a1 = 0.ANN,109,1095

Similarly, one finds

P(2aB%|2) = 0.481,647,535,2 .

p(2aR%3) = 0.274,248,026,6
p(2a8%|5) = 0.066,542,951,0
p(2aR216) = 0.029,130,310,7 -]
p(2aB217) = 0.011,944,4%5,89 |

P(2aB%[9) = 0.000,109,195,8 o

30




b. Substituting tnese values in {54) and (55) one obtains for n=1,? the

following:

Xl(A) = 95,602,R88,58
X;(B) = 161.747,910,3
X?(A) = 923.977,344,6
X5(B) = 2,115.029,112
Yo(A) = 14.428,854,99
Y>(B) = 61.985,977,35

c. These values are next substituted in (49), (50), {51}, and (37% <o

yield:
3p
kb :
—7 = 0.016,175,955
Opkb
~5p- = 0.016,248,075,3
3p
K0 5.015,179,030.5
30
g7 R
— KD . 0.016,486,370,3 . S
ao - ,'>A
4, Using now (42) results in ! 1
» 4 Nan S
varlP 1 = (0.016,175,955)" (3) + (N.016,243,075,%) (3) L
i ,
¢ (=0.015,170,030,5)7 (@) + (-0.015.486,370,3)° (%) y
0.003,597,710,3 . :;3'5
M
N
S
31 S
o
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-msy

Hence |

kh

Thllg, pkh

S e tee T et . "

S BT T
AP It --.xu"fA-.x PULAPILITY

0.059,98 .

Efp,. 1+ 20
kb- —
pkb

.378,29 + .109,96
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SECTION v

CONCLUSTON

In this report, the probability of kill due to blast of an exploding
weapon is related to the aiming error for the weapon in order to obtain i
closed form expression for the net probability of kill due to blast, Pyy.

Using the Taylor's series estimation procedure, expressions for EfP, ]

vavvv'.".vtv‘“ v
R
: -

and Varkah] are obtained in order to arrive at two standard deviation

confidenca levels on Dkb' Since clnsed torm expressions for EFDkH] and

Var(P,p] are not possibla to derive, several approximation technijues arc ais-d

to obtain numerical results,
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APPENDIX A

EVALUATION OF K(r)

The intent is to evaluate the integral

20 2cos’e  r'sin’e
K(r) = [ exp[- (F525=+ 222050] o .
0 20" 20"
X y
Jsing the trigonometric formulas
cosze =-% (1 + cos 29)
sine =—21-(1 - cos 29)
gives for K(r)
2 2n 2
- cr 1 1 r 1 1
Kir) = exp[-—-—&-(7+ 7” [ exp(— (=5 - —5) cos 20] do .
o g 0 o o
X % y X
1 1 1
let a = T @~§ + —7J
g o
X y
1,11
b_d ( 2' 2) .
] o
y X
Then
2 7 2
K(r) = o ar f phr cos 78 48

o
.
el b




prayr— e ————— Pe—— v e A e SrCRCREE R I S s o e e s e ae e e R e A R Be b aut B den

s

?2 A 2
o” ar f ebr cos X dx

DN =

2 2n 4n 2
- ar br~ cos x
(J +f 1e

dx . ._.J
0 2n .

N

2 2n 2 2n
1 - ar (f ebr cns X dx + f o
0 0N

hr2 Cos vy
K(r) " dy]

[
2

?'COS X

In the second inteqral, let x = 2n + y, then . }
dx 1
1

H
1]
b
Q
-3
—
S
2
+
—
o
3

hif
In the secand integral, let x = n+y, then :Afﬁ
—d‘
2 n n o

‘ ? 2
-ar (] QOrCocos xo oy [ WD roslaey)
0 )]

dy

2 2 n ? RIS
- e 2r [f ebr cos x 4o 4 f o” br™ cos y dy] o
0 N -

But, trom (2], it is found that the following holds:

+ 2
o br~ cos y dy = = Io(brz)

whors [ i) is the modified Bessel function of zero order, Hence,
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APPENDIX B

EVALUATION OF J;(A) THROUGH Jg(A) - ;_»:“4

[n this appendix, expression (26) which is rewritten is to be evaluated,

A 2 24 48 L
1 - ar b“r b'r -
Peb =50/ e (L =g+ T+ o) dr ’
xy Q
B8 ? 24 4.8
1 1 . - ar h“r h'r
+— pﬁjﬂ J (1 + Tt R + ees) dr
Xy A .
)
B 2 2 4 4 8
2 -
GRS e e e e (8
X'y A
[t is clear that this expression is reducible to the evaluation of six .
’
integrals, namely el
A ar A g ar ff";;
JI(A) =J’ re_ dr H ‘)?(A) =I r e- dr '
0 - 0 R
)
A g - ar? A2 - ar? |
J4(A) = [ re dr Jy(R) = [ rSe dr —
0 0 T
A 2 A 2 -t
Jo(A) = e 3 gp ; J.(A) = | A0 e 3T g, ;o
5 6 ’
0 )
Each of these integrals will be evaluated separately.
A ar
1. Evaluation of Jl(A) =/ re” dr '
0
A A 2
1 - ar -
J.(A) = [ re ST J ool )
1 \ 2y )
A
3 1 A
1 - ar ‘ - N
T -5 0 = "—Kl - e ) . R-7)
a 0 23
1
]




»
?
»
t 2
A
5 - ar
Y, Lvaluation of J (A) =] re dr
. 0
A 2 A 2
J (A = [ P2 et gp - -—-l~f rdd(e' ar-y
2 0 22 0
1 ar AA A 3 ar
S | - - - ]
55 L e 1y fn 4r’ e dr]
4 2 A 2
= - %—; em M, ;— i et A 4p
o n
4 2 . A ?
. A - aA 2 1 24, ar
55 © + 5L 2aJJOrd(e )
A
4 2 ) A
A~ - aA 1 - ar” 2 -
= - - -—5le rila- [ 2re
23 a2 0 0
- -jA.a_e' GAZ_A_?'e‘ aA?'+_Z(__1) A
' 2a a? a2 7a N
{ 4 > 2 2 214
=_l\e-al\_LP-aA’__le-ar
L 2a a? a3 f)
{
T G Y VA T R |
I - -3¢ * 3
[ a a a
i ? 2.4
- e (e an? e 20
a
A 2
3. Evaluation of J,(A) = f PSP
0
A A
9 - ar 1 ] - ar
1 = Z - o ;
3(M f” re dr 5 f” rod( ,
] A ?
. - arf } - ar
5 [ e i jORr e dr
38
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4. fviluation of J,(A) = | 2 e” 2" gr
0
A 2 A 2
2 - ar _ 1 - ar
Ja(A)=J' r‘ e dr—-z;f r d(e )
0 0
2 A 2
1 - ar - ar
E . —2—a— [ e r 0 - j’ dr] <
0
2 A
A - aA 1 - ar
= - 3, + -7—a'f e dr . -
) 0
In the iategral expression let Ja r = —U_ thus dr = —“: . Then
V2 v2a
_ u?
\JA(A) = -2—A~e' aA2+—2—1-fA/2a e"—2 _d:u
a a7y Y2a
Introducing the error function defined in (1?2) as
?
W )
1 z - 7" -
2(2) = _.J e “ dw [R-5) -
'/2TT 0 ‘ o9
one obtains for Ja(A) ,j:'_:_‘
- 1
1A = - AT W, o A/23) R-A)
1 R J307 a
s d
A 6 - ar
5. fvaluation of JS(A) =[ re dr . )
) 0
A 2 A 2
, 6 - ar 1 5 - ar .
Jg (AY = [ re dr = - 5;] r” d(e )
0 0
= 1
? A A 2 y
.- , 4 - : :
__52—19” rsn-)Srear dr, 5
- 0 9
5 ? A 2
A - aA 5 4 - ar
40
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_ ﬁ; - ah" 5 s 3 ar
JS(A) R YIS * 7a (- Za) IO r d(e J
5 V4 2 A A
= _-é—ae- aA _.._5__[ e" ar r3 _f 3 rZ e" ar dr]
4a 0 0
5 2 3 2 A 2
- . %E o~ 3AT _ %_ A$ 0" ak® | _l% [ Pl e 2T e
a- 4a 0
5 2 3 ? A 2
A - aA 5 A7 - aA 15 1 - ar
R A G N G
2a 4 a? 4a2 2a
- Ai 0" aA2 5 Az " aA?
T ?a Y )
a
) 2 A A ?
- —*% e @ ol o e 2 dr]
8a 0 0
5 2 3 ? 2 A ?
- . %; o- AT _ 5A” e” aA” lﬁ% 0" aA™ | _l% [ e ar- ..
. 4a 8a 8" 0

Making the change in variable Ya r = u//2 in the last integral yields

2
=T u
Coad —an? sl gsa - an? asr o M -7
JS(A)"?ae -=e ~-—3e Ay 1 Ry 2 du.
) y 4a- 8a RBa"" " /om0
dsing expression (B-5) one obtains
J.(A) = léﬁ-—-fb(A\/Za) S AL an’ (1 + 2 40?4 —é-azAa) (3-7)
5 8a/? 8.3 3 15 T
a a
A 2
f. Evaluation of J (A} = i Pl e AT e
o __ 0
A A ?
19 ar 1 - ar
T (A) = Jn r e dr = - (53) Io r’odye )

o o
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|
? A A
=_E;_[e-ar rq _fgrRear dr)
:] N 0
9 2 A
A - aA 9 1 7 - ar
\)G(A) = -5 e + 5 (- 2a) IO r’od( )
l 9 2 A A .
=__12\_ae-al\ __%[e-ar r7 -f7r6e'ar dr]
4a 0 0
2 7 2 A
E __g_a_e-aA_QA_ze-aA*c.@;( 6 - ar” .
1a 43 N
9 2 7 2
=__A_Ee- ahA _%ie- aA +%J5(A)
s 4a 43"
P—-
“)
- Q 2 7 2 -
. A? . - : %
' 4a 4a 3a
15 A - an’ (1 + . azAd}]
T8 23 3 15
945/% —. 945 A - aAl
=iy YW2a) - e :
32 a a - 4
” 1 2.4 ! 3 A 1A 4.3 N
k1+3aA +T§aA +T65aA +§-4~§aA). V3= .
. 4
o -
¢ ]
-- ;';-.1
- 8
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APPENDIX C

FEVALUATION OF THE NERIVATIVES OF Peb

The purpose of this appendix is to derive expressions (49) to (52).

For convenience, these expressions are repeated below. Let

»
U 2
X (U) = [ e"e” 2" 1 (br?) dr (c-1)
0
t) 5
Y (0) = [ PMoem ar I, (brf) dr . (C-2)
0

Then, expressions (49} to (52) which are to bhe proved are

P Pin ] X, (A) o
ELR =N =]
Pp  X(B) Py .
3B - 5.0 (B-A) " B-A :
X"y
ap
kb 1 [ .
= - —5———— [ X,(B) - X,(A) + Y, (B) - Y,(A)] (61)
5, 2079 (B-p) & 2 2 ? 2
X"y
3pkb 1
= [Y,(8) - Y (A) - X,(B) + X,(A)] (52)
%, 2°x°§ (8-p) = 2 2 2 2

The derivation is divided into five sections, 1In Section I, some recurrence

rolations are derived which will he found useful in Sections IV and V. ;iiﬁ 3

Section 11 to V provide, respectively, the derivations of (49), (50}, (51), B
! 4
and (823, o
c
. S
Section 1. Some recurrence relations LY
Using Leibniz's rule and applying it to (C-1) it is found that !_ i
| L]
, RIS
‘ 43 R
r ! R
R e 2 I I I S N S A R s S S S B S S S S
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- - rn+2 o= ar In(hr?) dr {(£=3)

axn(u)
gt - Xn+2(U) . (C-4)
<4
In a stmilar feshion one may differentiate (C-1) with respect to b to obtain
3x (1) f 2
' Do pM2gmar (hrz) dr . (€-5)
i ab . 1
N
This cores about owing to the manner in which IO(¢(x)§ is differentiated,
namely,
|
dl (e (x))
. do(x) r
dx = Il(@(x)) dx  ° ("6)
i The final result is
a‘ln(vl)
P Yn+2(U) : (c-7)
I The definitinns of a and b that are given by (9) and (10) may readily he
rearcanaged to o ogiye
1
?(a-p) = — (C-8)
o2
I X .
and
. , 1
' ?\ai—h) = '—2 . (C-Q)
: a
' y
| '
Appropriate difterentiation of (9) and (10) yields R
1d 1
53; — ;;§ (C-11) ‘
X IR
3b 1 '
) ——— = e -
o ; (c-11) v
X 20 .
44
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ea _ _ L (C-12)
aoy 203
and CL U . (C-13)
Ll 3
y 20
y

Some essential identities are now generated. The rule for integration by

»
parts is given by
fudv =u -] vdu. (C-14)
In {C1) let
n
rdr = du (C-15)
and
~ ar2 2
e Iy(br™) = u . (C-14)
It follows that
rn+1
VoS ST {C-17)
and
r2 2 r2 2
du = [2br e” 2" 1 (brf) - 2ar e” T I (br%)] dr . (C-1%)
Substitution into (C14) gives, upon imposing the limits given in (C-1):
2 2
: n+l - au” I.{bu™)
™l e 0 2a 2 ]
Xn(U) B n+l -t n+1 Xn+2(“) T on+l Yn+?(U) - (£-19)
A multiplication by (n+1) then gives
(ne1) X (0) = U™ e an’ L(OW2) + 2ax_ (1) - 2bY_ (). (C=)
n+1) n B 0 ““Tne? 2

By taking ! ]




P dr = dv (C-21)

' and
a 2 2
. e of 1,(br%) = u (C-22)
'. one may also integrate (C-2) by parts. In this case
4
n+l

v = '-—rT+—1- (C-?.B)
—_ and
o _ ? _ 2

du = [2br " 2T 1(br?) < e” T r (or?) (% v 2ar)] ar. (C-20)

The latter relation follows since

dl, (¢(x)) I, (e(x))
R D L Ty de(x)
dx B “0 (e(x)) - o (x) ] dx  ° (C-25)
i After minor algebraic manipulation the integration by parts gives -
! 1 - ay? 2 ]
- _ N+l - a - ]
. {n-1) Yn(U) = U e Il(bU } o+ 2aYn+2(U) - 2bXn+2(U) . (C-2R) - i
. -
of o
i The sum of (C-20) and (C-26) yields -

2(a-b) [Y,,,(U) + X o(U)] = (n+1) X (V)
] 2 L I
: ¢ (n=1) ¥ (1) - U™ em 2V fr (bu?) + 1 (7)) (C-27) ]
o E
L while their difference yields 1
. E
o 1

20ae0) [V (0 = X 00 ] = (n-1) ¥ (D)

+ !2 l ?
S (ne) x () +u™ e (1) - T (c28)

o o . . . . -4
; Identities (C-27) and (C-28) will prove to be important in computing (51) and (52).
-
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Section II. Computation of ---—

By incorporating (C-1) into (11) one obtains

BX,(B) - AX.(A) - X.(B) + X.(A)
] 1 2 2
Peb = CEVENCS (€-29)

E[Pkb] in Section IV-2 may also be calculated using (C-29). Rearranging one obtains

BXl(B) - AXl(A) - XZ(B) + X?(A)

(B-A) P, = — e (C-39)
Xy

Now differentiate {C-30) with respect to A. Proceeding formally one gets

axl(A) 3X?(A)
(B-A) P, ATHRC A (€-31)
A kb ]
Xy
From Leibniz' rule one gets
X, (A) 2
1 _ -aA 2
A= Ae IO(bA ) (C-32) A
and o
X, (A) 2 1
T 2 - aA 2 (. B |
Y A" e IO(bA y . (C-33) ® )
Substitution into (C-31) gives 3
2P X, (R) .
kb _ 1 - ®
(B-A) Y S L (C-34) 1
Xy
or in rearranged form
>
‘ ) - B
L i (C-35) -
A (B-A) 0 o 9
Xy .
which is the same as (49). ® d
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apkb
Section III. Computation of EVE

W.Vv-v'-v~v.‘~y - a-w

Returning to (C-30) and differentiating with respect to B gives

ax_ (B) ax (B) S

1 2
ap B —=— + X,(B) - —5— ‘
kb _ 9B 1 FE]
» {B-A) 55t Pkb = - - —. (C-36)
. Xy
' Since hy Leibniz' rule
k X (8 2
1 - aR”
"b%“_": Re” 2 LO(bRZ) (£-37)
and
I, (B) 2
2 ? - aB 2 -
i' —Sg— = #'e I,(bB%) (C-38) |
}
[ one finds tnat
L Py 1 <o -
i L (B<A) 0 5 ° (C-39)
This is the same as (50}
aPkb !
Section V. Computation of —-—
X
3P
The computation of 5 is more involved., Start with (C-30) and .
X
differentiate to get
3P .
_kb 1 3 \
{R-A) ot T e [Bxl(R) - /\xl(A) - X (RY + X, (A)] )
X X'y X
1
I - - £-40)
7 [Bxl(m I\Xl(l\) XZ(R) + x,_(A)]. (C-40)
Xy

By the chain rule

48




{.-- PP ——— e e e e e
———— " " T — " )

al)
aox

2 3()aa  a(-) 3b

= + - — (C-41)
92 Box ab ch

and owing to (C-4), (C-7), (C-10), and (C-11) one gets

axn(u)

- 30X 20

|._‘

[Xaep (V) *+ ¥, (0] (C-42)

x w

A similar calculation gives

| X, (1), .
' 0 .3 [Xn+2(U) B Yn+2(U)] : ~43)
y 20
Yy
'
§
S
k The complicated substitution into (C-40) gives
3P
kb 1
(B-A) =55 = —a— [B(X3(B) + Y5(B))
20 ¢

X"y

- A3 (A) + Y5(A)) = (X, (B) + Y (B)) + (X, (A) + Y,(A)}]
- kb (C-44)
o}

Multiplying by

BfA and then invoking (C-8) gives

Pyb ]
x5, - Pkt {T(EWHZ(B-D)] .

+ (XA(A) + YA(A))l . (G-45)

With n set to 1 and then 2 in (C-27) and these results inserted into (C-45)
one gets after some nice cancellation
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s
]
3P B
kb S _ .
9% T3 = " Pkb * 2(BA) oo 2P (B) - 28X (A) -l
X Xy
]
- 3X2(B) - Y2(B) + 3x2(A) + Y2(A)] . (C-46) Ffﬁ
'j-_':zi
Replacing Py, Dy (C-29) yields after cancellation ;:é
]
b 1
S 3 " 2(BA) o0 (- %,(B) = Y,(B) + X,(A) + Y,(A)] . (C-47)
X Xy
r;. Divisian by o then gives )

LR . [XZ(B) - X2(A)] + [Y,(8) - YZ(A)] (ca8)
90 2 ¢ .
X 2(B-A) oxoy .
_l
This is the same as (51). L
.A.‘I
apkb d

Section V. Computation of 5o
y

apP .
The computation of ackb follows along the same lines, but uses (C-43), T

y
(C-9), and (C-28) rather than (C-42), (C-8), and (C-27). The result is -

P b LX5(8) = X,(A)] - [Y,(8) - YZ(A)]
a0

= - é (C-49)
y 2(B-A) Uxay

which is the same as (52).
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APPENDIX D

DEVELOPMENT OF EXPRESSIONS FOR Xm(ll) AND Y, (U).

In this appendix, relations (54) and (55) are derived. First expression

(54) is developed. Define

’
.
u arl 2
X (U = [ e @ 1. (brf) dr (D-1)
n 0
0
and make the change in variable ..
o = ar’; (0-2)
this gives -
»
2 n-l S
au < C
1 2 -9 b
X, () = .’E‘lfo p e” " Iy(30) oo . (D-3) o
2a 2 L
. . . b . ]
The Maclaurin series expansion for IO (E'p) is
o) - § T g (0-2) a
I (— o] = = . D- _'-'._
O‘a koo 2 (k!)222k S

Substitution into (D-3) followed by interchange of the order of integration

and summation gives

N
=
A4

i - (Q) al12 4k+n-1
e i Mimwrs v I % . (n-5) -
5 k=0 (k!)"2 0
2a
. . X
The integral portion of (D-5) is recognized as an incomplete gamma function -
and may be evaluated using the tables of the Chi-Squared Probability function ;;i;ﬂ
expressed in (53). To see this, consider the integral T
’ )
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o 1
E 1 S . p a-=1 N-6)
L Pla,x) = F—(a_)-f e p dp . (n-6
0 —
2 L
X = % (D-7) ..-
¢
and @ == (D-8)
2
This allows (D-6) to be written as
X2
v 2 1 7 -p % -1
PG, %5) =~ ] e %o do . (0-9)
riz) o 3
. t .
Upon replacing p by > yields
v
v ﬁ 1 xz - 1:2— 2" ' —
2 (v -
2 1(3)
2 L
= P(x"|v) (D-10) —
as defined in (53). Hence (D-6) may be written as
Pla,x) = P(2x|2a) . v
Comparison of (N-6) with (D-5) indicates that
2a = Gk+n+l (n-11) i
?
and 2x = 2al)° . (n-12)
Hence (N-5) may be written as -
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)
4 - - ]
b 2X  aksnsl 2 .
b » (2} r(——5—) P(2au”|ak+n+1)
{ _ 1 a 2
g 5 k=0 (k1)° 2
. 2a
5 But owing to the properties of the gamma function
r(4k+n+1) _ (n+1)(n+3) .- (n+dk-1) r(gil) (D-14) 'Y .
2 ?2k 2 D
for k=1,2,...; and, hence, . A»i
I
n+1 ’ .
r(—— . :
X_(U) = g) [P(2aU%|n+1) B
n el ;
23 2 I
L.
b 2k SN
by (T[a') (n+1)(n+3) +++ (4k+n-1) » - '_.‘_—_1
D) 5 P(2al°|4k+n+1)] . (D-15) L
k=1 (k!)* R
n. ‘
This is the same as (54). T
4
The development of (55) follows along the same lines except that in (D-3) Qj
X,(U) is replaced by Y,(U), as defined in (48), and Io(g-p) is replaced by SRS
s
I P. h '-» v
1(3 #) where o
b E b 2k+1 492k+1 (
I,($e) = (3) . n-16)
270 0 0 (o (ke 22K
The final result is the same as (55) or
R b 2k+1
rBEh) = (gD (ne1)(ne3) e (dkentl) ) .
Y (U) = et kzﬂ Ty P(2al1” | 4k+n+3) - -
2a 2
53
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